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Misconceptions in Mathematics: Solving the Equation

Suwattana Eamoraphan(

For many years, there have been problems in the methods of teaching mathematics and in the learning of mathematics in Thai schools.  In the usual classroom context, teachers think that their students understand the lesson very well after they have explained the content clearly.  When teachers assign exercises to check their students’ comprehension, however, they find that the results are not what they expected.  This situation occurs over and over again.  Things are worse when one looks at the national curriculum in mathematics at the lower secondary school level.  Severe problems lie in the discontinuity of content between the upper primary school level and the lower secondary school level, especially in solving equation problems.

Most of the difficulties that students have in solving equation problems are concerned with the ‘unknown’ or ‘variable’, as can be seen in the following examples:

Example 1:  Solve this equation:  9c = 27
The equation seems to be very simple, but many Thai students fail to solve it.  When we interviewed some of them, we found that they did not seem to understand the relationship between 9 and c at all.  They could not even interpret the meaning of 9 and c when the two symbols appeared next to each other.  This failure can be explained as follows: In class, teachers always use 2x or 3x as examples to illustrate how to solve an equation.  When the expression is changed to 9c, the students cannot transfer their understanding to the new symbolization.  They can see no connection between 2x and 9c.
Example 2:  Find the value of  4y + 7  when  y = 3

A number of students answered that the value was 50.  When asked how they got that value, they simply said they had replaced y by 3.  And therefore, the answer was 43 + 7 = 50, which is obviously wrong.  This misconception regarding the unknown or variable in algebra inevitably leads to problems in solving equations.


In this article, I demonstrate some simple techniques that can be applied to help students solve equation problems.  The article has two sections.  The first deals with errors usually found when students solve equations.  The second is concerned with some techniques for teaching students to solve equations.

Common Errors in Solving Equations

Equation solving has been a required topic at the secondary school level for many years.  Regardless of how effective the teaching methods employed, one sees the same kind of errors.  These errors reflect an interesting point I discuss below.

Teachers naturally develop their lessons to move gradually from less difficult ones to more difficult ones.  Students do not really start their equation lessons in the lower secondary grades; they start in the primary grades.  In the primary grades, of course, the content is quite basic and simple for them, and it becomes increasingly more difficult as they move into the secondary grades.  One of the most difficult problems students face when solving equations concerns the ‘unknown’, the variable whose value they must try to find, usually represented by x.  The problem of the unknown is something unknown or unfamiliar to them.  They cannot master the concept easily.


Consider an unknown for primary school students:
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Example 3:  Put the symbol ( into the            and then find the value of (.
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=  11
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Solution:  If
 
8 +  
      
=  11
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Then
8 +    
     
=  11
Because
8 +        3
=  11,
the value is 3

In theory, it seems that this simple technique can be used to teach one’s students to find the value of the unknown.  Further, the technique can tend to reduce students’ tension while creating a climate of familiarity.  In practice, however, equation-solving skills seem to be out of students’ reach.  As a result, teachers find it difficult to guide their students to use basic laws for solving equations.  Students find it puzzling to solve an equation by proceeding from the beginning to the end of the mathematical process shown in Example 3, proceeding line by line from the first line 8 + x = 11 to the last line x = 3.

Although students learn to operate on both sides of an equal sign as teachers simply teach them to add, subtract, multiply by, or divide by the same quantity on both sides, it is not easy for them to apply these skills to other situations, as most teachers expect them to do.

Example 4 briefly shows how to solve another equation problem in the same manner as Example 3.
Example 4:  Solve the equation         3x – 9
=  0
Solution
If


3x – 9
=  0



Then


    3x
=  9



Hence


     x
=  3

Example 4 is not difficult.  Now consider Examples 5 and 6 below:

Example 5:  Solve the equation
x2 + x – 6
=  12
Solution
If
x2 + x – 6
=  12

Then

(x + 3)(x – 2)
=  12



x + 3
=  12

Hence

x
=    9

and

x – 2
=  12

Then

x
=  14


Thus x equals 9 and 14.
Example 6:  Solve these equations





  x – 2y

=  -2


(





xy + 3x

=  10


(
Solution
From ( 


x
=  -2 + 2y 

(


From (, substituting for x in (



(-2 + 2y)(y) + 3(-2 + 2y)
=  10




   -2y + 2y2 – 6 + 6y
=  10






2y2 + 4y – 6
=  10




        (2y – 2)(y + 3)
=  10







2y – 2
=  10







     y
=    6


and



y + 3
=  10






     y
=    7


Hence



     y
=    6, 7

When y is replaced by 6 or 7, x will equal 10 or 12.

If teachers correct their students’ exercises without careful consideration and give them credit for the sort of work shown in Examples 5 and 6, there will be significant mistakes, in general, because the teachers have not taken enough time to check each student’s work.  They tend to rely on the solutions given by the most intelligent students in class and to have the other students copy the same procedure.  In some cases, if many students get the same answer, even through a misconception, then the teachers are likely to agree with it—which is entirely wrong, as can be demonstrated with Examples 5 and 6.  It is evident that any two (nonzero) numbers multiplied together produce one product.  It follows that neither of the two numbers equals the product, which can be illustrated as follows:
From Example 5:





(x + 3)(x – 2)
=  12

Hence




x + 3
(  12

and




x – 2
(  12
From Example 6:




         (2y – 2)(y + 3)
=  10


Then



          2y – 2
(  10


and




y + 3
(  10


Teachers must therefore be aware of these important points and try to explain them to the students.  They might give an example like the following:




         89 
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 0
=  0


and


         0 
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 89
=  0

We can simply say that when any number is multiplied by zero, the product equals zero, or zero times any number is zero.  But if any two nonzero numbers are multiplied together, one of them cannot equal the product.


It should be mentioned here that when teachers teach their students to solve equation problems, they should put more emphasis on these important points.  When students grasp these points, they can learn to solve the problems simply and easily.
Techniques for Solving Equations

At the primary school level, students tend to use the technique of trial and error to solve equation problems, and it seems sufficient to find the correct answer as shown in Example 7.

Example 7:  Put ( into the box             and find the value of (.





  5 + 

=  9

Solution
Given


  5 + 

=  9

Then


  5 +

=  9
To solve this equation, students who use the trial-and-error technique will begin with 1, 2, 3, and 4.  They find out that when they add 4 to 5, they get the sum of 9.  So they can get the correct answer.

If we imagine the setting of a real classroom, the teacher writes the following on the board:



  5 +

=  9
Then he or she covers the flower with a piece of paper and asks the students to find the answer, the number that is added to 5 to get 9.  As soon as the teacher finishes his or her request, we can expect to hear the students shout the answer of 9 together in a chorus.  The trouble with trial and error is that if the teacher uses it too often, the students can easily get answers but do not learn how to get the right answer.  That is, they do not control their thought processes.  Under these circumstances, the technique leads to another problem where the teacher must attempt to find the effective teaching method for his or her students to solve this simple equation problem.

At the secondary school level, solving equations is more complicated and more critical.  One major cause of the problems lies in the fact that students do not even know about variables.  That is because in lessons in the primary grade, teachers use various pictures of flowers, animals, comics, and so forth to replace the numbers the students have to find.  They try to make the lessons easier and more enjoyable for the students learning to tackle equation problems.  But when the students reach the secondary level, they no longer see flowers, animals, or comics in mathematics lessons.  Instead, they see English symbols called variables.  When the characters and variables are mixed, the calculations become increasingly complicated.  Although the students can accurately recite the rules of addition, subtraction, multiplication, and division on both sides of the equation, they do not understand what they are reciting.  Sometimes they can remember the shortcut of shifting numbers to the opposite side and changing their signs.  And when they are supposed to find the variable, they are confused by the shortcut.
Example 8:  Find the value of x in the following equation





5 – 2x
=  13

Solution
Given


5 – 2x
=  13


Then


     -2x
=    8



and


        x
=    8 + 2

Hence x equals 10, which is wrong.

The confusion lies with -2x, in which the coefficient has a negative value.  When it is shifted to the other side, it must be changed to a positive value.

The correct way of solving this equation is something like the following:






     -2x
=    8






        x
=    
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        x
=    -4
It is important therefore for teachers to lay a firm and accurate foundation for their students so that they can learn to solve equation problems correctly.


The point I want to discuss next concerns problems that are more complicated.  Then I will suggest some teaching techniques that can be applied in instruction at the secondary level.

Example 9:  Solve the equation
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Directions
1.  Cover 
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and then ask,
“What is the number that if you subtract 9 from that number, the result is 16?”
The number that was covered is 
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2.  Then cover 
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 and ask,

“What is the number that if you divide that number by 6, the result is 25?”

The number is 150.

The number that was covered is 
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3.  Then cover 2x and ask,

“What is the number that if you add 8 to that number, the result is 150?”

The number is 142.

The number that was covered is 
[image: image11.wmf]x

2

, therefore 
[image: image12.wmf]142

2

=

x

.
4.  Then cover x and ask,

“What is the number that if you multiply that number times 2, the result is 142?”

The number is 71.

The number that was covered is 
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, therefore 
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Perhaps Example 9 above may not be so clear.  So let’s illustrate the same problem with the aid of pictures.
1.  
   
[image: image15.wmf]6
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 – 9
=  16


2.  
  
    – 9
=  16



Cover

3.  

    – 9
=  16

4.  
  
    
=  25
5.  

_________
=  25


         6

6.  

_________
=  25                                      Cover                                       

         6

7.  

_________
=  25


         6

8.  
    2x + 8
=  150


9.  

 + 8
=  150



Cover 

10.  

 + 8
=  150
11.  
    2x

=  142



 

12.  
2

=  142                                      Cover      

13.  
2

=  142

14.  
       x

=    71

In this way, one can be certain that the students can answer the questions and get the right answers.

One problem concerns how to write explanations systematically and illustrate the solution procedure precisely.  In this case, the teacher must help his or her students work step by step, or else he or she will observe the following error in the students’ exercises.
Many students do the problem like this:
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    –  9
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=  25
=
2x + 8
=  150
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If this occurs, the teacher must try to prevent the problem by showing the students the following solution procedure:
Solve
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. . . . . Line 1


          
[image: image20.wmf]6

8

2

+

x


=  25


. . . . . Line 2


          
[image: image21.wmf]8

2

+

x


=  150


. . . . . Line 3



    2x
=  142


. . . . . Line 4



      x
=    71


. . . . . Line 5

The step of solving equation problems is similar to the shortcut method of addition, subtraction, multiplication, and division on both sides of the equation, but it is not the same.  It is an instruction method in which the required number is covered.  And after doing a number of exercises with some guidelines from the teacher, the students will find the conclusion by themselves.  For example, from Line 1 to Line 2, the number 16 on the right-hand side becomes 25 as a consequence of the addition of 9 to 16, or to both sides of the equation.


Similarly, from Line 2 to Line 3, the number 25 on the right side becomes 150 as a consequence of 25 × 6; that is, we multiply both sides by 6.  From Line 3 to Line 4, the number 150 on the right side becomes 142 as a consequence of 150 – 8; that is, we subtract 8 from the numbers on both sides.  From Line 4 to Line 5, the number 142 on the right side becomes 71 as a consequence of 142 ÷ 2; that is, we divide both sides by 2.


A similar illustration can be observed in Example 10.
Example 10:  Solve the equation




28   +   
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Solution
Given
28   +   
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Then

        +  
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        +     9 – 3x
=   -6






        -3x
= -15






           x
=    5

This technique not only helps the students solve equation problems successfully, it also creates a positive attitude towards solving equations.  Consequently, the students will learn to have appropriate conceptions.  By this means, solving equations is not as difficult and complicated as it appears to be, and thus solving equations will no longer be seen as an arduous task.  As a result, students will learn to solve problems with ease and accuracy.
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Either term of the product of two numbers can be equated to that product only when the product is zero.
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