AHA!: THE EFFECT AND AFFECT OF MATHEMATICAL
DISCOVERY ON UNDERGRADUATE MATHEMATICS
STUDENTS

Peter Liljedahl
Simon Fraser University
pgl@sfu.ca

Perhaps | could best describe my experience of doing mathematics in terms of
entering a dark mansion. One goes into the first room, and it's dark, completely
dark. One stumbles around bumping into the furniture, and gradually, you learn
where each piece of furniture is, and finally, after six months or so, you find the
light switch. You turn it on, and suddenly, it's all illuminated.

- Andrew Wilest

Suddenly, it's all illuminated. In the time it takes to turn on alight the answer appears and all
that came before it makes sense. A problem has just been solved, or anew piece of mathematics
has been found, and it has happened in a flash of insight, in a moment of illumination, in an
AHA! experience. From Archimedes to Andrew Wiles, from research mathematician to
amateur mathematician, the AHA! experience is an elusive, yet rea, part of 'doing'
mathematics. Although it defies logic and resists explanation, it requires neither logic nor
explanation to define it. The AHA! experience is self-defining. At the moment of insight, in the
flash of understanding when everything seems to make sense and the answer is laid bare before
you, you know it, and you call out — AHA!, | GOT IT! However, the AHA! experience is more
than just this moment of insight. It is this moment of insight on the heels of lengthy, and
seemingly fruitless, intentional effort. It is the turning on the light after six months of groping in
the dark.

Simply put, the AHA! experience is the experience of having an idea come to mind with
"characteristics of brevity, suddenness, and immediate certainty” (Poincare, 1952, p.54). It is
the phenomenon of "sudden clarification” (Pdlya, 1965/1981, p. 54) arriving in a "flash of
insight” (Davis & Hersh, 1980, p. 283) and accompanied by feelings of certainty (Burton, 1999;
Fischbein, 1987) and bliss (Rota, 1997).

Literature is rich with examples of these AHA! experiences — from Amadeus Mozart's
seemingly effortless compositions (Hadamard, 1945) to Samuel Taylor Coleridge's dream of
Kubla Kahn (Ghiselin, 1952), from Leonardo da Vinci's ideas on flight (Perkins, 2000) to
Albert Einstein's vision of riding a beam of light (Ghiselin, 1952) — al of which exemplify the
role of this elusive mental process in the advancement of human endeavours. In particular,

1 From the movie "The Proof’, produced by Nova and aired on PBS on October 28, 1997 (Nova, 2003).



scientific advancements are often associated with these flashes of insight, bringing forth new
understandings and new theories in the blink of an eye. Furthermore, the moment of
illumination — the AHA! experience — has long been the basis for lore in mathematics.
Unfortunately, such lore is often restricted to the discussion of these phenomena in the context
of great mathematicians and great mathematical advancement. But, are such experiences
reserved only for the upper echelons of mathematical practice? This study focuses on the
impact of these AHA! experiences on undergraduate mathematics students’ affective domain.
In particular, 1 examine the role of the positive emotion that accompanies such moments of
illumination in changing the attitudes and beliefs of ‘resistant’ students. That is, preservice
elementary school teachers who deem themselves to be incapable and/or phobic of mathematics
and the learning of mathematics but are forced to take an undergraduate mathematics course as
qualification for entry into ateacher education program.

PROLOGUE (MOTIVATION AND QUESTION)

Imagine a person who has a dislike for mathematics. Somewhere in their past is a negative
experience with the subject — it may have been a single event, or it may have been a series of
negative events. The nature of the experience is not clear, but what is clear is the impact that it
has had on them as a learner of mathematics. They feel that they “were never good at
mathematics’, or that they ‘can’t do mathematics’. Perhaps they are even afraid of the
subject, suffering anxiety at the thought of having to endure a mathematics course.

Such a person is not difficult to imagine. We encounter such individuals on a regular basis.
They are our neighbour, or brother, our friend — and sometimes they are our student. Now
imagine awhole class of such students — 100 plus individuals who, to a person, would describe
themselves as either being incapable of doing mathematics, or having a phobia about the
learning of mathematics, or both.

What impact would an AHA! experience have on the individuals in such a group? These are not
mathematicians — yet they are working in the field of mathematics. They are not anticipating
these moments of insight; they may not even be familiar with such moments. For many of them
mathematics has long been a subject devoid of wonder, surprise, and discovery. As a researcher
| became interested in what such a population would make of these moments of illumination in
the context of mathematics. Where they experiencing them, and if so, what effect were they
having on them?

BACKGROUND

In that moment when the connection is made, in that synaptic
spasm of completion when the thought drives through the red
fuse, is our keenest pleasure.



Thomas Harris (2000, p. 132)

The learning of mathematics has classically been studied from the perspective of cognition.
That is, the examination of what are the cognitive processes involved in learning, and how do
they operate. However, the inability of such research to explain the failures of people in
problem solving contexts who posses the cognitive resources necessary to succeed has
prompted the re-evaluation of the role of the affective domain in the learning of mathematics
(Di Martino & Zan, 2001).

The affective domain is most simply described as feelings — the feelings that students have
about mathematics. In general it is understood that the affective domain is composed of three
dimensions: beliefs, attitudes, and emotions (McLeod, 1992). The beliefs are, just that, what
students believe; what they believe to be true about mathematics and what they believe about
their ability to do mathematics. Beliefs about mathematics are often based on their own
experiences with mathematics. For example, beliefs that mathematics is 'difficult’, 'useless, 'all
about one answer', 'all about problem solving', or 'all about memorizing formulas' stem from
experiences that have first introduced these ideas and then reinforced them. Research has
shown that such beliefs are slow to form in alearner, and once established, are equally slow to
change, even in the face of intervention (Eynde, De Corte, & Verschaffel, 2001).

A qualitatively different form of belief iswith regards to a person's beliefs in their ability to do
mathematics, often referred to as efficacy, or self-efficacy. Self-efficacy, like the
aforementioned belief structures, is a product of an individual's experiences with mathematics,
and is likewise slow to form and difficult to change. Self-efficacy with regards to mathematics
has most often been dealt with in the context of negative belief structures (Ponte, Matos,
Guimarées, Cunha Lea, & Canavarro, 1992) such as 'l can't do math', 'l don't have a
mathematical mind', or even 'girls aren't good at math'.

Attitudes can be defined as "a disposition to respond favourably or unfavourably to an object,
person, institution, or event" (Ajzen, 1988, p. 4). Attitudes can be thought of as the responses
that students have to their belief structures. That is, attitudes are the manifestations of beliefs.
For example, beliefs such as 'math is difficult’, ‘math is useless, or 'l can't do math' may result
in an attitude such as 'math sucks. A belief that 'math is all about formulas' may manifest itself
as an attitude of disregard for explanations in anticipation of the eventual presentation of a
formula. Attitudes, like beliefs, are stable entities, they are slow to form and difficult to change.

Emotions, on the other hand, are relatively unstable (Eynde, De Corte, & Verschaffel, 2001)
and, as a result, the role that they play in the learning of mathematics has received little
attention (for exception see DeBellis & Goldin, 1999, 1993). They are rooted more in the
immediacy of a situation or a task and as a result are often fleeting. Students with generally
negative beliefs and attitudes can experience moments of positive emotions about atask at hand
or, conversdly, students with generally positive outlooks can experience negative emotions.
Changes in beliefs and attitudes are generally achieved through the emotional dimension,



repeated negative experiences will eventually produce negative beliefs and attitudes, and
likewise, repeated positive experiences will produce positive beliefs and attitudes. However, as
mentioned earlier, existing literature indicates that change is slow.

Because of their stable nature, research has focused primarily on the role of beliefs and attitudes
on the learning of mathematics (Eynde, De Corte, & Verschaffel, 2001). The results indicate
that beliefs and the resulting attitudes are strongly linked to school achievement (Leder, 1992;
Ponte, Matos, Guimarédes, Cunha, Leal, & Canavarro, 1992). They are the gatekeepers to
learning. Before a student can even begin to engage in mathematical content they have to first
decide that they are both capable of learning the presented material, and willing to do so. Once
this has been decided any residual beliefs and attitudes regarding the learning of the content
will continue to affect their learning of it. For example, a student with the belief that
mathematics is about ‘memorizing rules will approach new content matter from the perspective
of identifying a rule, mastering the use of that rule, and then memorizing that rule — regardless
of the intended cognitive outcome of the lesson.

METHODOLOGY

The participants for this study are undergraduate students at Simon Fraser University enrolled
in a Foundations of Mathematics for Teachers course (MATH 190). At the time of the study
this course was one of a number of courses that could be taken to satisfy a mathematics
prerequisite for entry in a teacher education program for prospective elementary school
teachers. However, of all the options available, enrolment in MATH 190 was by far the most
common route towards satisfying this requirement and as such was popul ated almost entirely by
prospective teachers.

This course had been designed with the intention of providing its enrolees a foundational
understanding of elementary school mathematics. There is afocus on conceptual understanding
of topics as opposed to an ability to replicate procedural algorithms. There is an attempt to look
at specific strands of mathematics such as geometry and number theory in their entirety as
opposed to the piecewise and fragmented way in which mathematics is often experienced in a
spiralled curriculum. There is aso an attempt to integrate an underlying appreciation for
mathematical thinking and reasoning across al strands of the course. To put it ssmply, MATH
190 is regarded as an ‘'unpacking' (or 'repacking’) course. It lays out al of elementary
mathematics at one time for examination and conceptual reorganization. The hope is that such
an approach would alow the students to build connections between individual strands of
mathematics and facilitate a deeper understanding of the topics as they make sense of all that
they see. The course runs for the length of one semester (13 weeks) and has four contact hours
each week. The course mark is determined from performance on weekly assignments (10 in
total), a project, two midterms, and afinal.



The course is also specifically delivered with the enrolees, themselves, in mind. In general,
students enrolled in MATH 190 are best described asresistant. That is, they are resistant to the
fact that they have to take a mathematics course. Many of the students would describe
themselves as either being math-phobic, math-incapable, or a combination of the two. They
usually have negative beliefs about their abilities to do mathematics, poor attitudes about the
subject, and dread the thought of having to take a mathematics course. Such being the case,
thereis agreat effort made to alleviate some of these anxietiesin the pedagogica approaches to
the course. This is more than an emphasis on making the course content seem less daunting,
although such an emphasis is certainly done. For example, students are expected to complete
their assignments in groups of three to five members. It is felt that in addition to group work
being a positive method for learning it is also a structure for support and encouragement.
Students are also provided with support through an open tutorial lab. The lab is open to students
from 20 to 30 hours per week and is staffed at al times with between one and four teaching
assistants. This is a place where students can go to seek help should they need it as well as a
place to meet with their groups and work on homework assignments as well as an end-of-term
project.

The data for this study comes from the end-of-term project, one of the options for which was to
write about a mathematical AHA! that they had experienced in their participation in the course.
As it was not certain that everyone could claim to have had such an experience the students
were offered an alternative to this assignment. They could, if they wished, engage in a
mathematical investigation centred around a problem to solve. In order to be fair this option
was open to all students regardless of their experience with an AHA!. The project was worth
10% of their final mark and they were given four weeks to work on it. The portion of the
project that relates to the AHA! experience follows:

"I had been working on the problem for a long time without any progress. Then
suddenly | knew the solution, | understood, everything made sense. It seemed
likeit just CLICKED!"

The above anecdote is a testament of what isreferred to as an AHA! experience.
Have you ever experienced one? The purpose of this assignment is to have you
reflect upon such an AHA! experience and to explore exactly what you learned
in that instance and what you think contributed to the moment. You will hand in:

1. Adetailed explanation of the specific mathematical topic that you were studying and
the difficulty you were having with it (including any incorrect or incomplete
under standings that you had of the topic before the AHA!).

2. The story of the AHA! experience as you remember it, paying particular close

attention to what you were doing before it happened, when it happened, and how it

made you feel when it happened.

A detailed explanation of your new understanding of the mathematical topic.

A conclusion as to how, upon reflection, the AHA! experience contributes to

mathematical learning in general, and for you in particular.

W



5. Anything else that you feel would contribute to the reader gaining insight into the
moment as you experienced it.

Your final product will be evaluated for completeness and clarity.

Of the 112 students enrolled in the course, 76 students chose to write about their AHA!
experience. Although the assignment covered a wide range of attributes surrounding their
experience (see above) this study focuses only on the responses to the last part of question two
— namely, "how it made you feel when it happened".

PARTICIPANTS RESPONSES

As already mentioned 76 students chose to write on their AHA! experience. Of these, al but
one mentioned how they felt when they experienced the AHA!, even if only to say 'l felt great'.
However, not all of the students portrayed an accurate understanding of what was meant by an
AHA! experience. Although there were no false AHA!'s — AHA! experiences that proved to be
unfounded — there were three cases of misunderstood AHA!'s. One student took the assignment
to mean that she was to construct an AHA! experience. This would have been fine if there had,
indeed, been a moment of illumination within the process, but her writing indicated that there
hadn't. Instead, there was an observable slow awakening to the concept. Evidence of thinking of
the AHA! experience as a slow dawning of understanding was also present in the writing of two
other students. Andrea even went so far asto rename it the AAAHA! experience.

Andrea: My AHA! came slowly — not all at once, but little by little |
grasped the concept.

The remaining 73 students all presented experiences that were consistent with what was
expected in the spirit of the assgnment (i.e. true AHA! experiences). These responses were
recursively coded according to affective themes that were emerging from the data. In what
follows | present these themes through the discussion of representative excerpts from students
responses. That is, for each theme | use excerpts that exemplify the themes while at the same
time being representative of all of the students' responses pertaining to that theme. These
excerpts stand alone, away from the mathematical context in which they occurred. | do this for
two reasons. The first is that my initia analysis of the data showed that the mathematical
context and the progression of understanding within this context was both unremarkable and
unhelpful in the consideration of the affective domain. The second reason is that by presenting
these excerpts in their decontextualized form the themes are much more apparent.

Anxiety

Although the topic of anxiety was not brought up in the context of the AHA! experience, 34
students felt it necessary to mention how they felt about mathematics, or about taking a
mathematics course. They seemed to do this as a way to provide a baseline for a discussion of



their changing feelings. In these 'baseline’ discussions the theme of anxiety was prevalent,
manifesting itself in terms of dislike, fear, apprehension, and traumatic memories.

Jennifer, Stephanie, and Tonia reflect on how they feel about having to take this course in order
to be able to enter into the teaching program. While Jennifer states a dislike for mathematics,
Stephanie and Tonia express afear of the subject matter.

Jennifer: I have never been a person that likes or even enjoys math at all,
so the idea of having to take this class if | wanted to teach wasn't
very appealing to me. So | came into the course with the
preconception that it would be just like any other math class that |
had taken.

Sephaniec When | entered MATH 190, | felt that fear in my stomach return. |
needed this course to enter teaching so the pressure was on.

Tonia: | was scared of the subject as a student and this was magnified
100 times as a teacher. | knew | had to take this course because |
did not want my students to feel the same way as | did about
math.

Marcie reflects on her experience in mathematics in general — going all the way back to her
negative elementary school experiences.
Marcie: | was feeling emotions that should not have even existed in grade
school.

As mentioned earlier, most students are resistant to taking this course. This resistance is by and
large due to the anxiety they have towards mathematics. From the informal discussions | had
with the students at the beginning of the course | learned that this anxiety, and resulting
resistance, was so strong that many of them had deferred taking this course until their last
semester of undergraduate studies. Given that this course was a prerequisite for entry into the
teaching program, this 'waiting till the last minute' strategy created a new type of anxiety
pertaining to the pressure of having to succeed, and succeed now. This is reflected in Maggie's
comment.

Maggie: | never liked math when | was in school and so | had avoided it
when | got to university. | knew | had to have this course in order
to apply for PDP [the teacher education program], but | put it off
and put it off until now. It is the only course left for me to take
before | can apply for PDP.

Pleasure
All but one of the participants in this study mentioned something about how the AHA!
experience made them feel. Although their comments varied in length and details with regard to



these feelings, each of them stated in one way or another that it felt 'great’. In what follows |
provide a partial list of some of these comments.

John: It felt great.

Ruth: | was so relieved; | could barely contain my happiness.
Jenny: This was the best feeling.

Christina: | never knew | could feel so good while doing math.
Keri: Wow!

Sacy: Thejoy | felt was like none other.

Natalie: It made me feel like | could do anything.

It is clear that the AHA! experience produced a positive affective response in the students.
However, as will be shown in the next two sections, the AHA! produced more than simply a
‘good’ feeling. It contributed to a positive change in the beliefs and attitudes of many of the
students.



Changein Beliefs

Of the 76 students who chose to do their project on their AHA! experience 61 of them
discussed their beliefs. Moreover, each of these 61 students did so in the context of changing
beliefs. That is, they expressed a change in their beliefs through the experience of the AHA!

Susan describes how the experience has changed her beliefs on both her ability to solve
problems and the process she uses to produce a solution.

Susan: The AHA! experience is inspiring. It makes students believe that
they solved that question through reasoning and deep thought,
and inspires him or her to seek more of these moments to obtain a
sort of confidence and further knowledge.

This was a common theme, often manifesting itself in discussions of newfound confidence as
expressed by Steve and Andrea.

Seve: Initially this course made me very unsure of myself but now I am
confident when working out problems among my homework
group. Previoudly, | naturally deferred to them, but after this
AHA! experience | got confidence in my answers.

Andrea: In reflecting upon this AHA! experience | feel a sense of pride
that | accomplished this mathematical idea by myself. I am
relieved to know that | do not have to depend on othersto help me
along. This moment also gave me a self-confidence boost in the
sense that | may have something to contribute to others, for
example my group members.

James reflects on how the absence of these experiences may have contributed to his belief that
he was not good at mathematics.

James. For myself, 1 wish that I'd had more of these moments in my
earlier years of high school then |1 would maybe not have so
readily decided that | was not good at math.

The belief of what it takes' to be good at math is altered for Lena as she expresses that she now
seesthat it is not an issue of intelligence.

Lena: Knowing that | could stare at a problem and in time | would
understand, gave me more confidence that | could be successful
in math. It really is not an intelligence issue.



Karen sits on the border between beliefs in her ability to do mathematics and her belief in what
it takes to do mathematics.

Karen: | used to think that if you couldn't get it right away you didn't
know how to do it. This is the longest I've ever worked on a
problem. | had just about given up when it just came to me. | now
know that sometimes it just takes time.

Although Karen's response was similar to that of one other student, her response is unique in
that she arrived at this conclusion in the context of doing the other option for the final project.
Karen had not intended to write on an AHA! experience and so chose to pursue the problem
solving option of the assignment. It was during her work on this problem that she had, what she
claimsto be, her first mathematical AHA! experience.

What is interesting is the variety of beliefs that were affected by experiencing illumination in
the context of mathematics. Although most of them centre on their own conceptions of their
abilities to do mathematics some students expressed how their beliefs about mathematics have
changed, as seen in Paula's statement.

Paula: | used to think that math was all about the right answer, but now |
am more awar e of the value of the process.

Changein Attitudes

Because attitudes are the manifestations of beliefs it was sometimes difficult to distinguish
between the two. That is, amost every expression of a change in attitude had a discernable
change in beliefs associated with it — and has been counted in the 61 responses discussed above.
Charlotte and Stephen express a change in optimism and expectations, respectively.

Charlotte: | have a better attitude now; 1'm more optimistic. Thisis helpful in
learning as complete thought processes can be impeded by a
dejected attitude.

Sephen: Also, | enjoy math now. | feel like this success stimulated more

success. Now | have raised my expectations in math.

Carla has come to terms with her lack of knowledge of mathematics and found within it a new
attitude for success.

Carla: I've decided that | really don't know a lot of math. But who cares?
I know enough. And | know how to think enough to find the
answers. And | know how to ask for help. And | don't care so
much about the end resuilt.



However, a few students clearly demonstrate a change in attitude without expressing an
obvious change in beliefs. Thisis best demonstrated in Kristie's comment.

Krigtie: I must admit that math is challenging for me ...after the AHA!
experience you feel like learning more, because the joy of
obtaining the answer is so exhilarating. It almost refreshes one's
mind and makes them want to persist and discover more answers.
It gave me the inspiration and the determination to do the best
that | can do in the subject.

Kristie has most definitely changed her attitude about the pursuit of mathematics in that she is
feeling inspired and determined to succeed in the course. What is not clear iswhether or not this
isasaresult of anew belief that she can succeed.

ANALYSIS

Almost all of the participants alluded to a sense of accomplishment that accompanies the AHA!
experience, most actually using the word "accomplishment’ to describe the feeling. However, it
should be noted that this sense of accomplishment is a secondary result of the AHA!
experience, the primary result being the successful solution of a problem or the coming to
understand a piece of mathematics. That is to say, a sense of accomplishment comes from
accomplishing something. Deanna demonstrates this nicely.

Deanna: After | understood the question and | had completed it, | felt as
though | had accomplished something. | felt as though | was
somewhat complete in my under standing of the problem.

| make this distinction for one very important reason, to contrast the effect that accomplishment
has on beliefs and attitudes with the effect that the AHA! experience has.

There is a wealth of research that indicates that success and feelings of accomplishment
contribute to a change in attitudes and beliefs (Leder, 1992; Ponte, Matos, Guimardes, Cunha,
Leal, & Canavarro, 1992). However, the change they produce is minute. Long periods of
sustained and successive success are required to create significant change. This is why beliefs
and attitudes are considered to be stable in nature and why positive experiences are claimed to
be so important in teaching and learning of mathematics. However, | question this view. The
data in this study clearly shows that beliefs and attitudes can be drastically changed through a
single AHA! experience. This is not the mark of stability. It may be true that these dimensions
of the affective domain resist change in the face of successful completion of mathematical
activity, but they yield easily to the phenomena of the AHA! experience. The question remains,
however, by what mechanism is such drastic change in the affective domain possible?



| have two possible explanations for this phenomenon. The first is that the positive emotion that
is achieved during an AHA! experience is much more powerful than the emotions that are
achieved through non-illuminated problem solving. As a result, the effect that they have on
beliefs and attitudes is that much more drastic. Furthermore, an AHA! experience often
presupposes an accomplishment. Perhaps the sense of accomplishment is heightened and
intensified through the mechanism of discovery, once again producing that much more change
in the affective elements of beliefs and attitudes.

The second explanation has to do with inspiration. Having solved something challenging, or
understood something difficult, besides being a great accomplishment is a'so a measure of what
is possible. Success breeds success, and the students seemed to know this. They were inspired
to continue, to get better.

Elizabeth: AHA moments are those great moments of deeper understanding
and clarification of problems where incorrect or incomplete
understanding is overcome. These moments inspire us and
encourage us to keep going despite the frustration and anxiety
that often tends to overwhelm us in times of difficulty when
attempting to solve a problem.

Elizabeth articulates very nicely that AHA! experiences 'inspire us and encourage us to keep
going'. With such motivation success seems to be inevitable. Perhaps it is the anticipation of
greater mathematical understanding and ability that changes beliefs and attitudes for the future.
Thisis exemplified in David's optimistic outlook on mathematics and the AHA! experience.

David: The moment of comprehension is what keeps ‘'wannabe
mathematicians in the game. The hope that one day, in one
instant, the world will mysteriously come into alignment and math
will make sense.

CONCLUSION

The moment of illumination, the AHA! experiences, that instance when the connection is made
is part of the culture of mathematics. They are the fishing tales that mathematicians tell. But
they are not the exclusive property of practicing mathematicians. Their power to transform
attitudes and beliefs towards the learning of mathematics makes these instances of insight an
indispensable resource in the fostering of mathematics students. That they should be taken
advantage of is indisputable. The order of business should now be — how to use them? That is,
how are we going to orchestrate our students’ learning environments to best facilitate the
potential for illumination?
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